
Vier Briefe Cayleys,
nebst Vorbemerkung.

Von Herrn F. Schottty in Berlin.

Vorbemerkung.
Die Briefe Cayleys an mich, die ich hiermit veröffentliche, sind

in den Jahren 1880 und 1881 geschrieben; sie sind dadurch veranlaßt, daß
ich Cayley ein Exemplar meines bei Teubner erschienenen Buches übersandte:
„Abriß einer Theorie der 46eüschen Funktionen von drei Variabein", von
dem ein Teil 1878 mir als Habilitationsschrift gedient hatte. Ich lege
die Briefe, die mathematisch sind, wenn sie auch nicht den Charakter
einer vollständig durchgearbeiteten mathematischen Abhandlung haben,
hauptsächlich deshalb den Fachgenossen vor, weil ich, als sie mir vor
kurzem wieder in die Hände kamen, in ihnen einen Satz fand und da-
mit die Anregung zu einer Aufgabe, die ich in diesem Journal in einer
kurzen Notiz behandeln werde.

F. Schottky.

L
Dear Sir,

I have to thank you very much for the copy of your book „Ab-
riß einer Theorie etc." I am re^ading it with the greatest possible interest:
a discussion of your problem, that of arriving at a theory of the triple
theta-functions, independently of the theory of algebraical Integrals is the
very thing which I most wished to see. The very general iorm (belon-
ging, I understand you, to Weierstrass) of the multiple theta-func-
tion, and eonsequently also, äs applicable to this form, the equation (3'),
was new to me. I observe that you do not give the 4p2 equations which
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2 Vier Briefe Cayleys an Herrn Sehottky.

connect the coefficients ç,ç',ù,ù' with the coefficients of the quadric
function G: I find that these can be expressed in a very compendious form,
by means of four symbolical equations, giving by the elimination of the
coefficients of G your equations (6) p. 4. I admire very much your
expression of the 64 characteristics by means of the seven suffixes, and
their binary and ternary combinations.

I enclose the abstract of a paper completed some time ago, which
I hope to send you upon the double theta - fupctions, but it may be
still some months before it is printed. I remain, dear Sir, yours very
sincerely

A. Oayley.
Cambridge 24th May 1880. *

II.
Dear Sir,

I am studying with renewed pleasure your most interesting work
on the Abelian functions of three variables. It seems to me that there
should be some more simple and a priori method of establishing the
connection of the functions with the integrale

Ã ÇíË - ÃÅ*
J — 9 J 3

Il ff 2 ff 3 ff 4 ff 5 ff 6 ff 7

considered s belonging to the sextic curve L = 0 with 7 double points:
and although I have not succeeded in doing this, I venture to submit to
you some considerations upon the subject.

I look at the question s follows: Start with a given sextic curve
L = Q, with 7 given points l ,2,3,4,5,6,7 s double points. Take H = 0,
# = 0, H = 0 cubic curves (at pleasure) through the seven points: we
have an identity

(ax + by + cz) £Ã+.(á'#+ Vy+ c'z) H + (a"#+ Vy + c"z) H = 0,
and by properly choosing the axes of coordinates, we may make this
identity to be xH + yH + zH==0. We have therefore H,H,H = Qz—Ry,
Rx-~Pz,Py—Qx;P,Q,R being quadric functions of the coordinates.

We then take Hl = 0, the cubic curve, having l s double point,
and passing through the remaining points 2,3,4,5,6,7: and similarly
Ç2 = 0,...ßß7==0:Ç1,ßß2,.·.ßßÃ7 are linear functions of Ç,Ç,Ç.
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Vier Briefe Cayleys an Herrn SchottJcy. 3

The general sextic curve having the 7 points s double points
should contain 6 constants: and its equation is

(if, s I believe, the Jacobian of the three cubic functions H,H,H is
not expressible s a quadric function of H,Ç,Ç).

Now by Abds theorem we connect .the curve L = Q with the
integrals

ABC
÷ y z

dx dy dz
where Ö, and also A,B,C are arbitrary functions of ( x , y , z ) * ) . Take
A,B,C = P,Q,R, then the form becomes

•

• '

A
X

dxL

B
y

W

G
z '

d,L

and it seems to me that this ought to be reducible to your form above
referred to: the two forms would agree if we had

, in virtue of L = 0;
and if we had an identity

K a constant, È a linear function and M'a function f (x,y,z)ls: but I
cannot verify the existence of such an identity,

A particular case ( ugatory from its simplicity) is L = H2; here
#=0 and M = 8H (HHx+HHy +ffHg)\

A. Cayley.
Cambridge 18th June 1881. > , . . .

III.
Dear Sir,

I am very sorry that in the letter I eent you a few days ago,
the formulae were written down inaccurately: the general form of the
integral is of course ,

A B C
÷ y z
dx dy dz

*) Hier macht Cayley ein Versehen, das er im folgenden Briefe berichtigt.
F. 8.

l*
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4 Vier Briefe Cayleys an Herrn Schottky.

and hence if

(P,Q,R being quadric functions of (a/, ̂ ,2)) , writing A,B,C=P,Q,R,
this is

Hdy

so that the form of identity which ought to subsist is

K a constant, and M^a function of (x,y>z)u* This is a bester form, but
I do not see how to verify it. With many apologies for my very careless
mistake believe me dear Sir yours very sincerely

A. Cayley.
Cambridge 21th June 1881.

IV.
Dear Sir,

I have to thank you for your letter of the 27th June. I had
satisfied myself that the identity subsisted for the sextic curve
L = 0 which is the locus of the dps. of the nodal cubics through the
7 points.

It appears to me that the crowning point of the whole theory is
in your equations (63), (66), (68) and (68)*): I understand these s
giving expressions for the ratios of the 64 o -functions in terms of 8 points
on the sextic curve, say the four points á',â',ã',ä' which are the inter-
sections by an arbitrary cubic through the seven points, and the four
arbitrary points á, â, ã, ä. And for the mqre complete expression of these
equations, I think the following notations would be useful.

0 is the current point, coordinates x,y,z.
l, 2 ,,..*# etc. the points coordinates (a^, yl > Zi), (xz, 3/2 > ^2) > · · ·

( 1* <3/ & \ fl'i'f*Jjn C f f f U n i vJvV'.

viz. 1 , 2 , 3 , 4 , 5 , 6 , 7 are the seven points; and á', â'9 ã', d', a, â,ã,à
the 8 points s above.

012 the determinant

*) should be (69)
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Vier Briefe Cayleys an Herrn Schottky.

012345 the determinant

0123456789 the determinant

but
0111234567 the determinant
i/3, z3, y*z, z*x, x*y, yzz,
· · · s?, 2 a^, -

· 2^% · x\, z\
• 3

xy*9 xyz
yl y1zl

^é, zlxl

so that 0111234567 = 0 is the equation of the cubic curve having
l for a dp. and passing through 2,3,4,5,6,7 — [there is of course no
risk of ambiguity, since the first form of determinant would vanish, if any
two of the Symbols contained therein were identical],

Your equation (63) then is (# = 1):

where

etc.
= 234567,

and similarly we have, with complete explanation of the meanings of all
the Symbols which occur therein, your other equations (66), (68) and
(69) — only the values of the c in (66), c (or ï÷ëì) of (68) and c of
(69) seem still to require determination.

The equations in question must contain in themselves, potentially,
all the algebraical relations between the 64 tf-functions; and it would seem
that for obtaining any such relation it would be enough to eliminate the
points ce,/?,y and that the other points d ,á',â',ã',ä' would then always
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6 Vier Briefe Cayleys an Herrn Schottky.

disappear of themselves. And äs the algebraical relations between the
0-functions are in fact known, it must be theoretically possible to effect
in this way the determination of the remaining constants c. I have
ventured to trouble you with these remarks, which add nothing to, though
they seem to me bring out, what is already in your book: the subject
is one in which I take the greatest possible interest.

A. Cayley.
Cambridge 8th July 1881.
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